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|oq\_ w=dmcJT\GJLcJ_uT^tva
NvTbT\GJLN\_gaoco}EcJLCN\N_gHTvZ7|kL]hGJLC]hgLqhN-£?iJaETbT\GJL]_gqsqsL-]§TscJL-NsNy_u^]_gKM|JdmlzL-qsN-c
qsL-f/}EdmcJ#T\GJL3ThfuiJlmLrfuik_ wgL/£TsGJL-N\L3|
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qsL|oq\LCN[L-c/Thf Tsdz_/coN#_u?Tv¥#_N[_/lzaJT\dm_gcoN-£J_gcoLPdmcT\GJLF&¥#Llz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qsaJcEGofulzT
 LAN\f¬ZTsGof Tjf|Jqs_g/qsfgK
p
qsaJcoN-£¢TsGof TdeN£
p ⇓
£?d©Hd©TqsaJcoNydmc­T\GJLiJdmuN[T\L|qsLlef T\dm_gc ªq\_/KSfuc
dmcJdzT\deful?N[TsfuT\Lydmc¥Godm]hGw fuqsdmfgiJlzL
v0 = nil
fuco}T\GJL]aJqsq\L-c/TdmcoN[T\qsao]§Tsdz_/cdeNHT\GoL_gcJLf T
L0

{ }[v0 := nil] = r p(L0) = ι (p, r, ι) ⇓
p ⇓
qsaJcE|Jq\_/
Ì&Ì »W&XY[Z]\
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* 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" 0
   k'&­¢'^	
 G
f Tj¥#LN\|
LC]dzªZ­dmc®T\GJdeNjN\L-]T\dm_gc deNjf ;0 /,0   £co_uTbf ;0 /	 /% 9   ".  FHGofuTjdeN£
dmc N\_gKMLA|Jlefg]L-N¥#LA/dzw/LAfuc fui
NvTsqsf/]§TKf TsGJLKf Tsdm]-ful#]hGofuqhfg]T\Lqsdm¦-f Tsdz_/c­_g^N[_/K`L_g|kLqhf T\_/q $ªL/ 
z£
τ1uτ2
'§£ufgco}dzT¥dmlml7ikL#cJL-]L-NsN\fgq\ZVT\_P}ELqsdzw/Lfgcbfulmg_/q\dzT\GoK fgco}|Jqs_ wgLrT\GofuTdzT N&]_gcoN\deNvTsLc7T¥dzT\Gb_gaJq
]hG
fuqhfg]§TsLqsdz¦Cf Tsdz_/c¢  LP}E_`dzTTsGJdmN#¥Hf¬ZbikL-]-fuaoN\Ly}Ed ¤LqsLc7THRRN#Gof¬wgLV}Ed ¤LqsLc7TH¥#f¬ZEN5_u&N\|
LC]dzªZ=dzcJ
fglz/_gqsd©TsGJKN $ªLg om£Elm_ggde]P|Jqs_ggqhfuKNdzc;F&¥L-l©v£JªaJco]§Tsdz_/coful|oq\_/gqhfuKN#dzcO_En '
 L¥dzlmlfgNsN[dmgc Ts_­LCfg]hG lzdmwgLw¬fgq\defuiolzLf TML-fg]hG |Jqs_ggqhfuK |k_gdmc/Tf­lzdeNvT`TvZ=|
L/ F&_­/aofuqhfuc7T\L-L
Nsf ªLTvZ_gr]Lq\Tsfgdzc;_/|
L-qsfuT\dm_gcoN-£o¥#L|Jqs_ w=dm}JLq\L ocJL-K`L-c7TsN^_gT\GJLblzdeNvTVTvZ=|
Ljª_gq¨co_gcJL-K`|JTvZlmdeNvThN¨fuc
}
ª_/qLKM|ETvZAlmdeNvThN
τ0, τ1, . . . : T
TvZ7|kL
nil : T
N[dmcJglmLTs_gcTvZ=|
L]_gc7TsfgdzcJdmcJ
nil
list τ : T
lmdeNvT^¥GJ_7N[LyL-lzL-K`L-c7TsNHGof¬w/LVTvZ=|kL
τ
listcons τ : T
cJ_/cEcJdzl?lzdeNvT^_g
τ
< cL-c=w7dmqs_gcJKMLc7T
Γ
dmN¨fucTvZ7|kLfgNsN\dz/cJKMLc7T#_g&TvZ=|kL-N#Ts_Af`N\LT^_g&w fuqsdefuiJlmL-N*V
Γ0, Γ1, . . . : E
Lc=w
{ } : E
L-KM|ETvZw fuq#TvZ=|JdmcJ
v : τ, Γ : E
TvZ=|kLf T\T\qsdziJaJT\dm_gc
vN
Γ
fMKfu|J|JdmcJA_/q^deNHT\GJLjT\GJLjiJdzc
}EdzcoA_g|kLqhf Ts_gq
v
V
τ, Γ
tvaoN[TVfAN\Z7c7Thfg]§Tsdm]]_gcoN[T\qsao]T\_gq>­FHGof T
deN-£gGJ_ ¥ fuqsLH¥LHTs_KMfggL^N\LcoN\L_ukª_gqsKNrN\ao]hGfgN
v
V
τ, v
V
τ ′, { }
¥GJL-q\LHTsGJL^NsfuKMLw fuqsdmfgiJlzL
v
fu|J|kL-fgqsN
qsL|kL-fuT\LC}ElzZ/>FHGJLfuc
N[¥#Lq3}EL-|
L-co}JN3_/cbTsGJL^N[TvZ7lmLH_u¤N[|kL-]d© 
]-f Tsdz_/cbaoN\L-}¢£/fuc
}$|Jq\LCN[aoKMfgiJlmZ'¥dmlmlJi
L
Kf/}ELKM_gqsL^]lmL-fuq5dzcLCfg]hGMRR ª_gqsKfulmdz¦Cf T\dm_gc??cMT\GoL¨N[|kL-]d© k]f Tsdz_/cMi
L-lz_ ¥£7¥L¥qsdzT\L
Γ(v) = τ
T\_
}JLcJ_gT\LVT\GofuT
Γ
fgNsN[_E]dmfuT\L-NrTvZ=|
L
τ
Ts_bw fuqsdefuiJlmL
v
£=fgco}
Γ[v := τ ] = Γ′
Ts_bKML-fgcT\G
f T
Γ′
fgNsN\_=]dmfuT\LCN
TvZ=|kL
τ
Ts_Mw¬fgq\defuiolzL
v
fuc
}deN_uTsGJLqs¥deN[LPdm}JLc7T\de]fgl¤T\_
Γ

 L}EL 
cJLN[aoiETvZ=|JdzcoMfgKM_gcJ`T\GoLw¬fgq\dm_ga
NqsL 
cJLKMLc7ThNH_u?TsGJLlmdmN[TTvZ=|
LCNV
τ ⊂ τ
N[aJiJTvZ7|kLqsL
nil ⊂ list τ
N\aJiETvZ=|kLcJdzl
τ ⊂ τ ′
list τ ⊂ list τ ′
N\aJiETvZ=|kLlzdeN[T
τ ⊂ τ ′
listcons τ ⊂ list τ ′
N\aJiETvZ=|kLlzdeN[Ts]_/coN
τ ⊂ τ ′
listcons τ ⊂ listcons τ ′
N\aJiETvZ=|
LÅlmdeNvTsK`dzEL-}
 L®L=T\L-co}¯N\aJiETvZ=|JdmcJ ¥de}=TsG7¥deN\Lfgco} }EL-|ET\G=¥deN[L­T\_ Lc=w=dzqs_gcoK`L-c7TsNAdmc TsGJL®_gi=w=dz_/aoNA¥Hf¬Zg
$
=^_ ¥ T\GJLPIv_/i7w=dm_gaoN]K¥Hf¬ZdeNrN[|kL-]d© 
L-}fg]T\aofglzlmZj}EL-|
L-co}JN5_gc`T\GJLV]hGJ_gde]LH_u¤ª_/q\KfulmdeN[K«gfgco}N[L-LHT\GJL
}JdmNs]aoNsN\dz_/cjdmcMN\L-]T\dm_gcCJ ^T\GofuTrLE|JlefudmcoNGJ_ ¥ T\GJL^]_gqsq\LC]§T3}EL ocod©Tsdz_/cbdeN3cJ_gTcoL-]LCN\NsfuqsdmlzZ_/i7w=dm_gaoN- '
ÊªËÌ¢ÊÇÍ
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FHGJLlmL-f/NvT¨]_gKMKM_gc;N\aJ|
L-q[TvZ=|kL
τ1 u τ2 = τ3
_uTv¥_`TvZ=|
LCN
τ1
fgco}
τ2
deN#T\GJLbN[KfulmlmL-N[T
τ3
N[a
]hG
TsGof T
τ1 ⊂ τ3
fgco}
τ1 ⊂ τ2

c TsGJLA_/|
L-qsfuT\dm_gcofgl5N[L-Kfuc7T\de]N-£f|Jq\_/gqhfuK deNjf N[LCn/aoLco]L_u^lefuikLlmL-}®iof/N[de]MiJlm_=]hEN-c _gaJq
TvZ=|kLVN\ZENvTsLK£/f "  %	
0  deN5fN\L-n7aJL-co]L¨_u¢lefuikLlmL-}MLc=w=dmq\_/cJKMLc7TsN-£gqsL|JqsL-N\Lc7TsdzcJyTsGJL^TvZ=|kL-N
_g?TsGJLw fuqsdmfgiJlzLCN#_gcLc7T\qsZTs_`LCfg]hGiofgN\de]Violz_E]h¤
Π1, Π2, . . . : PT
|Jqs_g/qsfgK TvZ7|odzcJ
{ } : PT
LKM|ETvZ|Jqs_ggqhfuK TvZ=|JdmcJ
l : Γ, Π : PT
iJlm_E]hTvZ=|Jdzco
FHGJLiJlz_E]h7ÅTvZ7|odzcJ
l : Γ, Π
gdmwgL-N
Γ
fgNyTsGJLTvZ=|kL-N_gHT\GJLw¬fgq\defuiolzLCNaJ|k_gc Lc7Tsq\Z T\_lefuikLl
l
£
¥GoLqsL
Π
deN#T\GJLqsL-N[T#_g?TsGJLy|Jq\_/gqhfuK TvZ=|JdmcJo  L¥q\dzT\L
Π(l) = Γ
T\_Mdmco}Ede]fuT\LPT\GofuT
Π
fgNsN[_E]def TsL-N
Γ
¥dzT\GlefuikLl
l
£Jfuco}¥L¥qsdzT\L
Π0
ª_/qHT\GJLL-K`|JTvZ|Jqs_g/qsfgK TvZ=|JdmcJ

L#L-]-fuaoN\L|oq\_/gqhfuK TvZ=|JdmcJ7NjKf¬Z®i
LgdmwgL-c N[Z=c7Tsf/]§Tsdm]-fulmlzZi=Z®T\GJLLco} aoN[L-q-£3dzTMdmNbdzKM|k_gq\Tsfgc/T
Ts_;LcoN\aJqsL`T\GofuTT\GJL-Z­fgq\LM¥#Llml©Åª_gqsKML-}7X T\GofuT
Π
Kfu|oNyLCfg]hG®lmfgi
L-l3T\_fuTKM_/N[T_gcJL
Γ
£fuco}­TsGof T
LCfg]hG
Γ
KMfg|oNbL-fg]hG w fgq\defuiJlmLTs_­f T`KM_/N[Tb_gcoLATvZ=|
L/ =¨_ ¥ T\GJdeNjdeNbgaofgqsfgc/TsLLC}}JL|kLco}JN`_/c T\GJL
dmKM|JlmLKMLc7TsfuT\dm_gc¢  LN\aJg/L-N[TTsGJLcJ_uThf Tsdz_/c
`env Γ
T\_N\dz/cJd©ªZAT\GofuT
Γ
KMfg|oNHw fuqsdmfgiJlmL-N#aJcJden7aJLlmZg
Q &- u  µ   ²    k  c
}Edzw=de}Eaofgl&dmcoN[T\qsao]§Tsdz_/coNVfgq\LTvZ7|kL-}i7Z;ftvao}EgL-KMLc7T
Π `instr Γ{ι}Γ
′
£
|oq\_/cJ_gaJc
]L-} I¬]hGJL-]h7dzcoN[T\q
(Π, Γ, ι, Γ′)
 K!FHGJLdmc/TsaJdzT\dm_gc deNbT\GofuT-£raoco}ELqM|Jqs_g/qsfgK`ÁTvZ=|JdmcJ
Π
£5T\GJL
=¨_/fgq\LVT\qsdz|olzL
Γ{ι}Γ′
q\L-lmfuT\L-N#|JqsL-]_gco}Jd©Tsdz_/c
Γ
Ts_`|k_/N[Ts]_gco}Jd©Tsdz_/c
Γ′

Π `instr Γ{ι1}Γ
′ Π `instr Γ
′{ι2}Γ
′′
Π `instr Γ{ι1; ι2}Γ
′′
]hGoL-]h7ÅdmcoN[T\q\N\L-n
Γ(v) = list τ Π(l) = Γ1 Γ[v := nil] = Γ
′ Γ′ ⊂ Γ1
Π `instr Γ{branch

if

nil v l}(v : listcons τ, Γ′)
]hGJLC]h/dmcoNvTsq[iJqhfuco]hGJÅlmdmN[T
Γ(v) = listcons τ Π(l) = Γ1 Γ[v := nil] = Γ
′ Γ′ ⊂ Γ1
Π `instr Γ{branch

if

nil v l}Γ
]hGJLC]h/dmcoNvTsq[iJqhfuco]hGJÅlmdmN[Ts]_gcoN
Γ(v) = nil Π(l) = Γ1 Γ ⊂ Γ1
Π `instr Γ{branch

if

nil v l}Γ
]hGJLC]h/dmcoNvTsq[iJqhfuco]hGJÅcJdml
Γ(v) = listcons τ Γ[v′ := τ ] = Γ′
Π `instr Γ{fetch

field v 0 v′}Γ′
]hGJLC]h/dmcoNvTsq[ÅªLTh]hGE
Γ(v) = listcons τ Γ[v′ := list τ ] = Γ′
Π `instr Γ{fetch

field v 1 v′}Γ′
]hGJL-]h7dzcoN[T\q\ÅªLTs]hGJs
Γ(v0) = τ0 Γ(v1) = τ1
(list τ0) u τ1 = list τ Γ[v := listcons τ ] = Γ
′
Π `instr Γ{cons v0 v1 v}Γ
′
]hGJLC]h7ÅdmcoN[T\q\]_gcoN
Ì&Ì »W&XY[Z]\
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  + µ  ® ²   
  < )"[% dmNHfgcAdzc
NvTsq\ao]T\dm_gcTsGof T}E_=L-NcJ_gT $N[TsfuT\de]fglzlmZ"'r]_/c7T\dmc7aoL¨¥dzT\GfgcJ_uTsGJLq
dmcoN[T\qsao]§Tsdz_/c¢£EikL-]fgaoN\LPdzT^Lc
}JN¥dzT\G;f`GofulzT^_gqfVtvaJKM|¢
Π; Γ `block halt
]hGoL-]h7Åiolz_E]h7ÅG
fulzT
Π `instr Γ{ι1}Γ
′ Π; Γ′ `block ι2
Π; Γ `block ι1; ι2
]hGJL-]h7iJlm_=]h7N[LCn
Π(l) = Γ1 Γ ⊂ Γ1
Π; Γ `block jump l
]hGJLC]h/iJlm_E]h/mtvaJKM|
  µ o "  ²   
  FHGJLtva
}EgL-K`L-c7T
Π `blocks p
$|Jqs_gcJ_/aJco]LC} I[]hGoL-]h7Åiolz_E]hEN
Π p
K 'yKML-fgcoN
TsGof TTsGJLiJlm_E]h=N
p
fgq\LP¥L-lzlzÅTvZ7|kL-}dmcTsGJL|Jqs_g/qsfgKbÅTvZ=|JdmcJ
Π

Π(l) = Γ Π; Γ `block ι Π `blocks p
Π `blocks l : ι; p
]hGoL-]h7Åiolz_E]hENvlefuikLl
Π `blocks end
]hGoL-]h7Åiolz_E]hENvLKM|ETvZ
c f;]_/KM|JlzLT\LM|Jqs_g/qsfgK!TvZ7|odzcJ
£T\GoLA}E_gKfudmc®_u
Π
KjaoN[Ti
LAf;N\aJioN\LT_gTsGJLA}E_gKfgdzc_u
p

< i
L-co]hGJKfuqsN\_glmaET\dm_gcKf¬ZN\dzKM|JlmZN\f¬Z/£
dom(Π) ⊂ dom(p)
$f/N_gaoqPO_EnN\_glmaET\dm_gc;}E_=L-N-£JaoN\dmcJ
fgcL?A]dmLc7T^lzdmiJqhfuqsZMª_gq^KfgcJdz|oaJlmfuT\dmcJ` ocJdzT\LyªaJc
]§T\dm_gc
N_gccofuT\aJqhfulc=aJKbi
L-qsN '§QVq$ÁfgNH_gaoq^F?¥#Llz
N\_glmaETsdz_/c}E_=L-N '_gcJLyKf¬ZaoN\Lf`N[T\qsde]§T\L-qHq\L-lmfuT\dm_gc
Π ./ p
TsGof TKML-fgcoN#T\G
f THT\GJLlefuikLleNH_u
Π
KMfuTs]hG
TsGJ_/N\Ly_u
p
LJfg]T\lmZg£EdmcN[T\qsde]§Tc=aJKMLqsdm]-ful¢fgNs]L-co}EdmcJ`_gqh}ELq[V
(l : Γ, Π0) ./ (l : ι; end)
TvZ=|JdmcJu}E_gK`Kf Ts]hG?
(Ln+1 : Γ
′, Π) ./ (Ln+1 : ι
′; p)
(Ln : Γ, Ln+1 : Γ
′, Π) ./ (Ln : ι; Ln+1 : ι
′; p)
TvZ7|odzcJg}J_gK`ÅKfuTs]hG

E ELC]aETsdz_/cb¥dmlzlJN[Tsfgq[Tf TT\GoLdmcJdzT\defulElefuikLl
L0
£u¥GJde]hGj¥dmlzlEikLHi
_/aJco}T\_PT\GJL#dmcJd©TsdmfglELc=w=dzqs_gcoK`L-c7T
Γ0 = (v0 : nil, { })

FZ=|
L]hGJLC]h=dzcJMfucLc7TsdzqsLy|Jq\_/gqhfuK deN#T\GJL-q\Lª_gqsLg£
Π `blocks p Π ./ p Π(L0) = Γ0
|=prog p : Π
]hGoL-]h7Å|oq\_/gqhfuK
$|
L-q\G
fu|oNH¥dzT\GT\GoL|Jq\L-KMdmN\L
dom(Π) ⊂ dom(p)
dmcoNvTsL-f/}_g
Π ./ p
'§
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  ² 5±  ²  ± ¢ ¨ ² 5±  ±   ±    LGof¬w/L5|JqsL-N\Lc7TsL-}`N[_/K`L#qsLlef T\dm_gc
N}JL ocJLC}ji=Zj}JLqsdzw f Tsdz_/c
qsaJlmL-Nyfuc
}­N\_gKML}EL 
cJL-}­dzcJª_gqsKMfglzlmZgMFHGJdeNydmNfiJdzTjN[lm_g|o|7Z/£L-N\|
LC]defulmlzZ ¥GJLqsL`f}EL-q\dmw f Tsdz_/c qsaJlzL
qsLªL-qsNTs_MfgcdmcEª_gqsKfulmlzZ}EL ocoL-}q\L-lmfuT\dm_gc¢«Efuc=ZAN\_glmaET\dm_gcT\_`TsGJLyi
L-co]hGJKfuqsKjaoN[Tª_gqsKfulmdz¦-L¨TsGJdeN
 L¥dmlzlVaoN\L;T\GJL cJ_uThf T\dm_gc
|=prog p : Π
T\_ KMLCfuc T\GofuT|Jqs_g/qsfgK
p
Gof/NMTvZ=|
L
Π
dmc T\GoL $ªco_uT
coL-]LCN\NsfuqsdmlzZ fglz/_gqsd©TsGJKMdm]('VTvZ=|
LN\ZENvTsLK£3fuco}TsGJLAcJ_gTsfuT\dm_gc
`prog p : Π
Ts_KML-fuc®TsGof T
p : Π
deN
}JLqsdzw/L-}dzcN[_/KMLyfglz/_gqsd©TsGJKMdm]VTvZ=|kL]hGJL-]h/LqC
  b	 j	
FHGoL5ª_/lzlm_ ¥dzco^|Jqs_ggqhfuK Gof/N¢TsGJq\L-Li
fgN\dm]5iJlz_E]hEN- TrfuqsdefuiJlmL
v0
dmN&dmcJd©Tsdmfglzdm¦LC}Ts_
nil
i=ZyT\GJL#|JqsLKMdmN\L-N
_grT\GoLbqsaJcE|Jqs_gqsaJlmLg L#lm_=]h;dzcod©Tsdmfglzdm¦LCN
v1
T\_T\GoL`lmdeNvT
cons(nil, cons(nil, nil))
fgco}tvaJKM|oNPTs_
iolz_E]hg L#lz_E]h¨deNHflm_=_g|ATsGof TC£=¥GJdzlmL
v1
deNcJ_uTHcJdmlÁ£=ªLTs]hGJLCN5TsGJLVTsfudml¤_u
v1
fuc
}A]_/c/Tsdzc=aJLCN3FHGJL
lefgN[TydzcoN[T\qsao]T\dm_gc _g5iJlm_E]h bdeNyfg]§TsaofulmlmZ}EL-f/} ]_E}EL $ªcoLwgL-qyq\LCfg]hGJLC} '§ L#lm_=]h deN¨TsGJLMlz_=_/| LEdzT-£
fgco}GofulzTsN-
psample =
L0 : cons v0 v0 v1; cons v0 v1 v1; cons v0 v1 v1; jump L1;
L1 : branch

if

nil v1 L2; fetch

field 1 v1 v1;branch

if

nil v0 L1; jump L2;
L2 : halt;
end
 L]lefudmK TsGJLyª_glmlz_ ¥dmcJbTvZ=|Jdzcobª_/qHT\GJdeN|Jqs_g/qsfgK
Πsample = L0 : (v0 : nil, { }), L1 : (v0 : nil, v1 : list nil, { }), L2 : { }, { }
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KM|JlmLKML-c/TsdzcobTsGJL IvlmdeNvT\ÅKfg]hGodzcJL#KVikLco]hGJKfgq\dmcf`KML-]hG
fucJdm¦LC}AKMLThf T\GoL_gqsZA]_/KM|Jq\deN\L-NT\GJLPª_/l©
lm_ ¥dmcJjThfgN\ENV
g{L|oq\LCN[L-c/THTsGJL_g|kLqhf Tsdz_/cofulN\LKfuc7T\de]NHdmcT\GJLR R 
E , L-q\dmwgL5T\GJL5fg]T?T\G
f T
psample ⇓
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1 {L|oq\LCN[L-c/TTsGJLTvZ=|kLjN\Z=N[T\L-K dmcT\GJL`RR $ÅQVcJLcoLL-}oNHT\_}JL ocJLjLcJ_/aJgGcJ_gTsf Tsdz_/cN[_MTsGof T
T\GJLyª_/q\KbaJlef
|=prog p : Π
]-fucikLq\L-|Jq\LCN[L-c7T\L-}fuco}TvZ=|
LN\_gaoco}EcJLCN\N]-fuci
L|Jqs_ wgLC} '
o{L|oq\LCN[L-c/Trdmc`T\GJL^R Rfucfulmg_/q\dzT\GJK ª_/q $ª_/qr]_/coNvTsq\a
]§T\dmwgLH|Jqs_=_u¤_ukT\GJLLEdmN[T\L-co]L_g!'lmL-fgN[T[
]_/K`KM_/cEN\aJ|kLq\TvZ=|
L/£/TsGof THdeN£=TsGJLP]_gKM|JaEThf Tsdz_/c
τ1 u τ2 = τ3
|Jqs_=}Jao]dmcJ
τ3
ªq\_/K dzcJ|oaETsN
τ1fuco}
τ2

Ì&Ì »W&XY[Z]\
¬  !+ R &#
	 * U#" 0
E*¨N\dzcoVTsGJLHTvZ=|
L^N\ZENvTsLK£g}EL-q\dmwgLT\GoLHfg]§T3TsGof T
|=prog psample : Πsample
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J{L|oq\LCN[L-c/TTsGJL­N[TsfuT\L-K`L-c7T_uPT\GJLCN[L |Jq\_/|
L-q[TsdzLCN_uyTsGJL ]hGJ_7N[L-c lmL-f/NvT\]_gKMKM_gcEN\aJ|
L-q[TvZ=|kL
fulmg_/q\dzT\GJK V
τ1 u τ2 = τ3
τ1 ⊂ τ3
lmaJiEN[aoiETvZ=|
LÅlmLÇT τ1 u τ2 = τ3
τ2 ⊂ τ3
lzaoiEN\aJiETvZ=|kLq\dmgG7T
τ1 u τ2 = τ3 τ1 ⊂ τ4 τ2 ⊂ τ4
τ3 ⊂ τ4
lzaJiJÅlmL-f/NvT
M=Hprqs_ wgLyT\GoLlzL-KMKMf/N  
&	  
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  {L|oq\LCN[L-c/TyTsGJLANvThf TsLKMLc7T_ufN[_/aJco}EcoL-NsNPT\GJL-_gqsLKª_/qyT\GJLMTvZ=|kLAN[ZEN[T\LKAFHGJLdmcEª_/q\Kful
NvThf TsLKMLc7T_g?N[_/aJco}EcoL-NsNrdeN£ I\f¥L-lzlzÅTvZ7|kL-}A|Jq\_/gqhfuK ¥dzlml
co_uT/LTHNvTsao]h¤ K < |Jq\_/gqhfuK NvThf T\L
dmN^cJ_uT^N[T\ao]hd©d©T +$" !/   V
N[T\L-|EÅ_/q[Gofgl©T
(p, r, ι) ≡ (∃r′, ι′. (r, ι)
p
7→ (r′, ι′)) ∨ ι = halt.
|=prog p : Π { }[v0 := nil] = r p(L0) = ι (r, ι)
p
7→∗ (r′, ι′)N[T\L|JÅ_/q[GofulzT
(p, r′, ι′)
N\_gaJco}JcJL-NsN
JHprqs_ wgLPT\GJLN\_gaoco}EcJLCN\NT\GoL_gqsLK
	   ± ¤M ² 5±/³  ±       + µ  ª  
CJH{L|oq\LCN[L-c/T¨fgc;fgN\Z7KM|ETs_uTsdm]-fulmlzZAL?A]dmLc7TTvZ=|
L]hGJLC]h=dzcJfglz/_gqsd©TsGJK
`prog p : Π
dmcT\GJLbRR 
L#ZL#?A]dmLc7T&¥#L5KMLCfucTsGof T3f^|oq\_/gqhfuK¯_g
N
dmcoN[T\qsao]§Tsdz_/coN£ ¥dzT\GbKf EdzKbaJK c=aJKjikLqc=aJKjikLq
_ulzdmwgLyw fuqsdefuiJlmL-N
M
£oN\GJ_gaolm}TvZ=|
L]hGJLC]hdzc
O(N log M)
TsdzKML/
/g%¨N\dzcoTsGJL`TvZ7|kL]hGJLC]h7dmcJfglz/_gqsd©TsGJK£}ELqsdzw/LTsGJL`fg]§TPT\G
f T
`prog psample : Πsample
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¬E#prqs_ wgLTsGof TbT\GJLTvZ7|kL]hGJLC]h7dmcJfglz/_gqsd©TsGJKSTsLqsKMdzcofuT\LCN_gc fgc=Z­|Jqs_g/qsfgK
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 1  , L-KM_gcoN[T\qhf TsLbTsGJLMTvZ=|
L]hGoL-]hgL-qy_gclmfgq\/LN\]-fulmLjLJfgK`|olzLCNPfgco}®N[Go_ ¥ LKM|Jdmq\de]fglzlmZ;TsGof TdzTsN
L#?A]dmLc
]Z dmN]_/K`|kLTsd©Tsdzw/L ¥dzT\G dmKM|JlmLKMLc7TsfuT\dm_gcoNdzc¯prq\_/lz_/ _gqR¡rU=|kL-]dz 
]-fulmlzZ/£¨N[_/KML
T\GJL-_gqsLK`|Jq\_ w=dmcJN[ZEN[T\L-KMN^Gof¬wgLyTsGJLjfuiodzlmd©TvZT\_TsqsfgcoN\lmfuT\LyT\GoLdmq¨dmc/TsLqscoful?q\L-|Jq\LCN[L-c7Tsf Tsdz_/c_g
]_/K`|oaETsfgiJlzLjªaJco]T\dm_gcoNPdmc/Ts_fprq\_/lz_/A_gqPR¡ |Jq\_/gqhfuK T\GofuTy]-fucikLb]_gKM|JdmlzLC};i=ZfGJdmgGE
|
L-q[ª_/q\Kfgco]L]_gKM|JdmlzL-q-«ETsGJdeN^KML-fgcoNHT\G
f TV]_gqsq\LCN[|k_gco}JLco]LPikLTv¥#LL-cT\GJLbfulmg_gqsdzT\GJK TsGof TVdmN
wgL-q\dz oL-}fuc
}ATsGJL|Jqs_ggqhfuK TsGof T^LEL-]aJT\L-NHdeNHL-N[TsfgiJlmdmN\GJL-}KML-]hGofgcJde]fulmlmZg
ÊªËÌ¢ÊÇÍ
 
	! #"$%&')(*+,-./"0  1
-o#prqs_ wgLTsGof T
`prog p : Π
dmK`|olzdmL-N
|=prog p : Π
  &! 	 ./
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fuc fuaETs_gKf Tsdm]T\_=_/lHT\_®gL-cJLqhf TsLqsL-f/}JfuiJlmL¡D-F/E/G!ª_gqsKjaJlefgNbª_/qMT\GJLUoQyU q\aolzLCN£T\GJL
TvZ=|Jdzcoq\aolzLCN£fuco}TsGJLN[TsfuT\LKML-c/ThN_g $cJ_uTbT\GJLA|oq\_=_uN_u!'T\GJLAlmL-f/NvT\]_gKMKM_gcEN\aJ|
L-q[TvZ=|kL
lzL-KMKMf/NVfgco}N\_gaJc
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Hoq\_/K2TsGJL­N\gLTs]hG _uf®TvZ=|kL N[ZEN[T\L-K·/dzw/Lc dzc N\L-]T\dm_gc¯=£_/cJL ]_gaJle} N[|kL-]d©ªZ fTvZ=|
L]hGoL-]h=dzco
fglz/_gqsd©TsGJK i7ZM/dzw=dmcJjfjN\LT#_u&N\Z=c7Tsf =}Edmq\LC]§T\LC}`dzcEªL-q\L-co]LVq\aolzLCN£7i=Z`/dzw=dmcJbfªaJco]T\dm_gcofgl
|Jqs_g/qsfgK£
i=Zgdmw=dzcJAfgcdmK`|kLqhf Tsdzw/L|Jqs_ggqhfuK£J_/q¨i=ZN[_/K`Lb]_gKbiJdmcof Tsdz_/c_g3T\GJLCN[LT\L-]hGocJdmn7aJLCN^FHGoLb]hGJ_/dm]L
_gN[TvZ=lzLyKf¬ZAikLdzc 
aJLco]L-}i=ZAGJ_ ¥¯T\GJLRR qsLlef TsL-NH|Jqs_g/qsfgKMN5T\_M|Jqs_=_uN-
	  "!#$&%')(+*-,.0/1+(32547638:9#'	;&$<25$9=;">#?	$/
QVcoL_u¤T\GJLV¥#f¬ZENTs_jN[|kL-]d©ªZMfuc
}MdzKM|JlmLKMLc7TfTvZ7|kL]hGJLC]hgLq3deN3i=Z`¥q\dzT\dmcJj}E_ ¥cfN\LT5_g¢N[Z=c7Tsfu7
}JdzqsL-]T\L-}¨tvao}E/LKMLc7T3qsaJlzLCNoTsGJLdmcEªLqsLco]Lq\aolzLHNvTvZ=lmLHdmN3]hGJ_7N[L-cª_/q3dzKM|JlmLKMLc7Thf T\dm_gc`dmcjTsGJL^RR £
¥#LN[aoggLCNvT#T\G
f TT\GoLyª_glmlz_ ¥dmcJMq\aolzLCNfuco}cJ_uThf Tsdz_/cN\GJ_gaolm}i
La
N[LC}
c T\GJLMN[Z=c7Tsf/]§Tsdm]bNvTvZ=lmLg£¤T\GoLbcJ_gTsfuT\dm_gc
v : τ, Γ
deNrtvaoN[TyT\GJLMfu|o|Jlzde]fuT\dm_gc_g5fATsGJqsLLfuqsgaoK`L-c7T
]_gcoN[T\qsao]T\_gqC£=fuco}}E_=L-N#cJ_uTHdmcJGJLqsLc7TslzZ/aofuqhfuc7T\L-L^TsGof T
v
dmN#cJ_gTdzcT\GJL}E_/KMfgdzc_u
Γ
  d©TsGJdzcfuc
fglz/_gqsd©TsGJK _gcJLy]_/aJle}fuqsqhfucJ/LT\_M|JqsL-N\LqswgLTsGJdeNH|Jq\_/|
L-q[TvZ¤«=iJaET¥#LV¥Hfuc7T#T\GJLPLc
}aoN\Lq#Ts_b|Jqs_ w=dm}JL
f $]lmfgdzKMLC} 'V|Jq\_/gqhfuK`ÅTvZ7|odzcJKMfg|J|JdmcJL-fg]hG­lmfgi
L-lT\_;f
Γ
£?N\_¥#L`cJLLC}­fgc­fulmg_/q\dzT\GoK`de]b¥#f¬ZT\_
]hGoL-]hTsGof TjT\GJLAa
N[L-q N
Γ
}E_=LCNcJ_gTjGof¬wgLMKbaJl©Tsdz|olzLKMfg|J|JdmcJ/Nª_gqjfgc7Z­w fuqsdmfgiJlzL/FHGoLqsLª_gqsLg£&¥L
}JL ocJLf|JqsL-}Jdm]-f T\LT\_tvao}EgLT\G
f Tfuc L-c7w=dmq\_/cJKMLc7T
Γ
dmNMf $ÁN[dmcJ/lzLÅw fulmaJLC} 'yªaJc
]§T\dm_gc?«5Ts_ Kfu/L
TsGJLN[Z=c7Tsfu=}EdmqsL-]§TsL-}]hGJL-]h/LqHL#?A]dmLc7TC£E¥LydmcoN[deN[T#TsGof T
Γ
Kfu|dzTsNw fuqsdefuiJlmL-N#dmc_/qs}EL-qH_u&w fgq\defuiJlmL
c=aJKbi
L-q*V
`env { }
Lc=w7Å_/E
`env v : τ, { }
Lc=w7Å_/¤
n < n′ `env vn′ : τ
′, Γ
`env vn : τ, (vn′ : τ
′, Γ)
L-c=w/_gJ
TdeNyGJLlm|EªaJl $ÇTsGJ_gaJ/G­|kLqsGofg|oNycJ_uTcoL-]LCN\NsfuqsZ/> '®T\_Kfu/L`T\GJLMqsaJlzLCNy|Jqs_g|kLqslzZdmco}Ea
]§T\dmwgLMi=Z
dmc7T\qs_E}Eao]dmcJ`T\GoLcJ_uThf T\dm_gc
Γ
.
= (v : τ, Γ′)
¥Godm]hGKML-fuc
N5TsGof T
Γ
f/N5TsGJL}EdeNªtv_/dzc7TaJcJdm_gc_ufbqsLlef Tsdz_/c
Γ′
fuco}f`iJdzc
}Edzco
v : τ
  Ly¥dmlzl¤Tsq\LCf T
TsGJdeN5ª_/q\KfglzlmZ`f/Nfjª_gaoq[|Jlefg]L¨q\L-lmfuT\dm_gcA_/c
Γ
£
v
£
τ
£Jfgco}
Γ′
£=|Jqs_gco_gaJco]L-}  [	)"["* 
    LVa
N[LVT\GJL
Ì&Ì »W&XY[Z]\
-  !+ R &#
	 * U#" 0
N\Z=Kjik_gl ·
=
dzcoN[T\LCfg}_u
=
T\_qsLKMdmco}T\GJLqsL-f/}ELq#T\G
f TT\GodmNdeNHcJ_gT¨N[Z=c7Tsf/]§T\de]PL-n7aofglzdzTvZg£EiJaJT^q\LCfulmlzZAf
]_gKM|JaEThf Tsdz_/c¥dzT\GdmcJ|JaEThN
Γ, v
fuco}_gaETs|JaEThN
τ, Γ′
rFHGJLq\aolzLCN#ª_gqHT\GodmNqsLlef Tsdz_/cfgq\L/£
(v : τ, Γ)
.
= (v : τ, Γ)
L-c=w/lm_7_/=aJ|¢
v 6= v′ Γ
.
= (v′ : τ ′, Γ′)
(v : τ, Γ)
.
= (v′ : τ ′, (v : τ, Γ))
Lc=w7Ålm_=_g=aJ|

c_gqh}ELq#Ts_bKfu/LVa
N[Ly_u&T\GJdeNHqsLlef T\dm_gc?£7¥#Lfg}¬tva
NvT VKM_7NvTH_u&T\GJLydmcoNvTsq\a
]§T\dm_gcJÁTvZ=|JdmcJ`q\aJlmL-N-£JfgN
ª_/lzlm_ ¥^N*V
Γ
.
= (v : list τ, Γ′) Π(l) = Γ1 (v : nil, Γ
′) ⊂ Γ1
Π `instr Γ{branch

if

nil v l}(v : listcons τ, Γ′)
]hGJL-]h7dzc
NvTsq[iJqhfuco]hGElmdmN[T
′
Γ
.
= (v : listcons τ, Γ′) Π(l) = Γ1 (v : nil, Γ
′) ⊂ Γ1
Π `instr Γ{branch

if

nil v l}Γ
]hGJL-]h7dzc
NvTsq[iJqhfuco]hGElmdmN[Ts]_gcoN
′
Γ
.
= (v : nil, Γ′) Π(l) = Γ1 Γ ⊂ Γ1
Π `instr Γ{branch

if

nil v l}Γ
]hGJL-]h7dzcoN[T\q\iJqsfgco]hGEcJdml
′
Γ
.
= (v : listcons τ, Γ′′) Γ[v′ := τ ] = Γ′
Π `instr Γ{fetch

field v 0 v′}Γ′
]hGJLC]h7ÅdmcoN[T\q\ÁªLTs]hGE
′
Γ
.
= (v : listcons τ, Γ′′) Γ[v′ := list τ ] = Γ′
Π `instr Γ{fetch

field v 1 v′}Γ′
]hGJL-]h7dzcoN[T\q\ÅªLTs]hGJs
′
Γ(v0) = τ0Γ0 Γ
.
= (v1 : τ1, Γ1)
(list τ0) u τ1 = list τ Γ[v := listcons τ ] = Γ
′
Π `instr Γ{cons v0 v1 v}Γ
′
]hGJL-]h7dzc
NvTsq[]_/coN
′
FHGJLª_/aJq\Å|Jlefg]LqsLlef Tsdz_/c
Γ[v := τ ] = Γ′
£#|Jqs_gcJ_/aJco]L-} I  [	 #
(Γ, v, τ, Γ′)
£ K Gof/NMN[Z=c7Tsfu7
}JdzqsL-]T\L-}qsaJlzLCNfgN#ª_/lzlm_ ¥^N£
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¬º¼Ä u¾[»C½+¬×^Èh¹'.gÐ "¾?Èh¹¾¢Ñ¬¹ÁÀ[ÃCº¼»
¿¬¾½vÀ§¹¹Á¾vÄÁÑgÀ§»CÉ¬¾v»¬½v¾À !u¿¬¾¿ÇÆ-Ñu¾?ÄÆCÄ¿Å¾v× ¿ÅÀrÈh»º¼×Ñ¬Ö¼¾ ,×¾[»¿ÅÈs¿Åº¼À§»À !7È¿ÇÆCÑu¾ ,Ç½+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ÈhÄÅÄÁÏ¬×º¼»¬Ð§»¬Àh¿kÑ¬¹À\Ã-º¼»5¿¬¾?½vÀ§¹Á¹¾vÄÅÑuÀ§»¬É¬¾v»¬½v¾rÀ !/¿¬¾?ÉCÆ-» Èh×º¼½¢ÄÅ¾v×^Èh»¿Áº¼½vÄ¿ÅÀVÄÅÀ§×¾5¹Á¾[ÈhÖk×^Èh½¬º¼»¬¾ /HÊ !¤¿¬¾ÈhÖ ¿Á¾v¹Á¾vÉj¿ÇÆCÑu¾ÄÁÆ-ÄÁ¿Á¾v× Zº¼Ä3ÄÅÀ§ÏC»¬É`Èh»CÉ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½vÀ§¹Á¹¾vÄÅÑuÀ§»¬É¬Ä5¿ÅÀPÈh»bº¼×Ñ¬Ö¼¾v×¾v»¿Ès¿Áº¼À§»7Ð¿¬¾v»¿¬¾º¼×Ñ¬Ö¼¾v×¾v»¿Ès¿Áº¼À§»º¼ÄkÄÁÀ§Ï¬»¬É7Ð-»¬À5×^Ès¿Á¿Á¾v¹ "  Ès¿¢ÈhÖ ¿Á¾[¹ÁÈs¿Áº¼À§»¬Ä  È[Ã¾ g¾v¾v»¨×^ÈhÉ¬¾ /oË&Àr½vÀ§¹Á¹¾vÄÅÑuÀ§»¬É¬º¼»HÈh¹§Ï¬×¾v»¿
¬À§Ö¼É¬Ä !mÀ§¹¿¬¾rÉCÆ-» Èh×º¼½ÄÅ¾v×^Èh»¿Åº¼½vÄ /
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Ì¢ÊÇÍ
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(v : τ, Γ)[v := τ ′] = (v′ : τ, Γ)
L-c7w7N[LT-
v 6= v′ Γ[v′ := τ ′] = Γ′
(v : τ, Γ)[v′ := τ ′] = (Γ′, v : τ)
L-c7w7N[LTh
{ }[v := τ ] = (v : τ, { })
L-c7w7N[LT 1
 LgdmwgLfMN[Z=c7Tsfu=}EdmqsL-]§TsL-}w7dmL¥ _uLc=w=dzqs_gcoK`L-c7THN\aJiETvZ=|JdmcJAfgN#ª_/lzlm_ ¥^N-
Γ = (v : τ ′, Γ′′) τ ′ ⊂ τ Γ′′ ⊂ Γ′
Γ ⊂ (v : τ, Γ′)
Lc=w7N\aJi¢
Γ ⊂ {}
Lc=w7N\aJi

U=L-LN[LC]§Tsdz_/c­¬E¼ª_/q^f`}JdmNs]aoNsN\dz_/c_g&TsGJLq\aolzLyLc=w7N[aJi?g
U=Z=c7Tsfu=}EdmqsL-]§TsL-}q\aolzLCN#ª_gqlmL-fgN[T[]_/KMK`_/cEN[aJ|kLq\TvZ=|
L V
τ u τ = τ
lmaJiE
list τ u nil = list τ
lzaoiEs
nil u list τ = list τ
lmaJiE
list τ1 u list τ2 = τ3
list τ1 u listcons τ2 = τ3
lmaJiEv list τ1 u list τ2 = τ3
listcons τ1 u list τ2 = τ3
lzaJiJui
τ1 u τ2 = τ3
list τ1 u list τ2 = list τ3
lzaJiJ 1
listcons τ u nil = list τ
lzaJiJ
nil u listcons τ = list τ
lzaoiE
τ1 u τ2 = τ3
listcons τ1 u listcons τ2 = listcons τ3
lzaoiE]M
¡?_7_/=dzcJMaJ|;f`lefuikLl¢dmc;fb|oq\_/gqhfuK`ÁTvZ=|JdmcJ
£7fuT#TsGJLNsfuKMLPT\dmK`Lb]hGJL-]h=dmcJjTsGof TTsGJLqsL-N\aJl©Tsdzco
ΓdeNH¥#Llml©Åª_gqsKML-} V
`env (Γ)
(l : Γ, Π)(l) = Γ
iJlm_E]h7ÁTvZ=|JdmcJulm_7_/=aJ|¢ l 6= l′ Π(l′) = Γ′
(l : Γ, Π)(l′) = Γ′
iJlm_E]h7ÁTvZ=|JdmcJulm_7_/=aJ|

   "!#$&%')(+*-,.=4 ( '  ;&472&'  #; * ;&4
 L`cJ_ ¥~gdmwgL`fuc­fgl©TsLqscof TsLj|JqsL-N\Lc7Thf T\dm_gc _u3T\GoLbTvZ=|kL]hGJL-]h=dmcJfglz/_gqsd©TsGJKfgNVdzKM|kLqhf T\dmwgLb|oN\LaE
}J_=]_E}ELg£/dzcMTsGJL¨N[TvZ7lmL_u¢fglz/_gqsd©TsGJK TsL=T\ik_=_gEN
	/aoNvTrlmdmgLTsGJL^|JqsL-N\Lc7TsfuT\dm_gc`aoN\dzcJbN[Z=c7Tsfu7}Edmq\LC]§TsL-}
qsaJlmL-NdeN3]lm_/N\LTs_fuc`dzKM|JlmLKMLc7Thf T\dm_gc`dmc`fPlm_ggde]|Jq\_/gqhfuKMKMdzco¨lefucJ/aofu/Lg£¬T\GoL#|
N[L-ao}E_E]_E}ELH|JqsL-N\LcE
Thf Tsdz_/cdzcMTsGJdmNN[LC]§Tsdz_/c`deN5]lz_7N[LHTs_jfucdmKM|JlmLKMLc7TsfuT\dm_gcdmcAfucR¡¢Ålmdz/L^lefucJ/aofu/Lg?FHGJL¨|oN[L-ao}E_E]_E}EL
qhfudeN\L-NHfucLJ]L|ETsdz_/c $Á}ELcJ_gT\LC}i=Z '3Ts_q\L-|
_/q[T^fbTvZ=|
LL-q\qs_gqfgco}fuik_gq\T#TvZ=|kL]hGJL-]h=dmcJo3FHGJL
fglz/_gqsd©TsGJK ]-fuc fglmN\_;i
L¥q\dzT[TsLc dmc f;|Jaoq\L-lzZ­ªaJco]T\dm_gcofglN[TvZ7lmLV tvaoN[TbqsL|Jlefg]LT\GodmNjLJ]L-|ET\dm_gc i=Z
LE|Jlzde]dzT`ªaJco]T\dm_gcqsL-N\aJl©ThN
 !"# $%& Γ1 Γ2
V
Ì&Ì »W&XY[Z]\
C  !+ R &#
	 * U#" 0
Ho_gqLCfg]hGiJdzc
}Edzco
v : τ2
dmc
Γ2
£
OGJL-]hTsGof T
Γ1
]_/c/ThfudmcoNHf`iJdzc
}Edzco
x : τ1
fgco}ATsGof T
τ1 ⊂ τ2
«b_uT\GoLqs¥dmN\Lg
    &  "   Π Γ l
V

Π(l)
deNaJco}EL ocJLC}£ o«=_uTsGJLqs¥deN[L/£   "# $ %& Γ Π(l) 
     " $    Π Γ ι
V

ι = ι1; ι2
V3qsLTsaJq\c     " $    Π (      " $    Π Γ ι1) ι2 
ι = jump l
V
o

ι = branch

if

nil v l
V

Γ(v)
deNaJc
}EL ocoL-}£

Γ(v) = list τ
V
   &  "   Π Γ[v := nil] l
fgco}qsLTsaJqsc
Γ[v := listcons τ ]


Γ(v) = listcons τ
V
q\LT\aJqsc
Γ


Γ(v) = listcons
V
   &  "   Π Γ l
fgco}q\LT\aJqsc
Γ
ι = fetch

field v n v′
V
bdz
Γ(v)
dmNHaJc
}EL ocoL-}_gqcJ_gT_uT\GJLyª_/q\K
listcons τ

bdz
n 6= 0
fuc
}
n 6= 1

{LTsaJq\c
Γ[v′ := τ ]
dz
n = 0
£
Γ[v′ := list τ ]
dz
n = 1


ι = cons v0 v1 v
′
V
bdz
Γ(v0)
_gq
Γ(v1)
deNaJco}JL ocJLC}
O_gKM|JaETsL
τ = (list Γ(v0)) u Γ(v1)


τ
dmN^_u?TsGJLyª_gqsK
list τ ′
£EqsLTsaJq\c
Γ[v′ := τ ′]
«E_uT\GoLqs¥dmN\Lg£J
    & !  Π Γ ι
V

ι = halt
£JN[ao]-]LCN\N-

ι = ι1; ι2
V
   & !  Π (    
 " $    Π Γ ι1) ι2


ι = jump l
V
   &  "  Π Γ l

Q¨TsGJLqs¥deN[L V
o
    & ! $ Π p
V

p = end
£JN\ao]]L-NsN

p = Ln : ι; p
′
V
¡¢LT
Γ = Π(Ln)
$_gq  bdz3aJco}EL ocJLC} '§
   & !  Π Γ ι
   & !  $ Π p′

      Π p
V
    & ! $ Π pOGoL-]hTsGof T
Π(L0) = Γ0
fuc
}TsGof T
dom(Π) ⊆ dom(p)

ÊªËÌ¢ÊÇÍ
 
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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M
   j &
 LA_/aET\lmdzcoLGJL-q\LMTsGJL|Jqsdmco]dm|oful5lzL-K`Kf/N_u^fN\_gaoco}EcJLCN\N|oq\_=_uv;Rf/]hGJdmcJL]hGJL-]h/L-}}ELqsdmw¬fuT\dm_gcoN
fgq\LPcJ_gT^q\LCn/aodzqsL-}T\_`ª_glmlm_ ¥ T\GodmN_/aET\lmdmcJLg«JioaETT\_MTsGJLL=T\L-c7TT\GofuTT\GJL-Z}E_
£Ed©T^¥dmlzl?i
L]_gc=wgL-cJdzL-c7T
dzT\GJL-ZaoN\LPT\GJLNsfuKMLycofuKMLCN#ª_gqHT\GoL|Jq\dmco]dz|ofgllzL-KMKMf/N
FHGJLy|Jqs_=_u¥dzlmlq\L-lzZ_/cc
f T\aoqsfglkc=aJKbi
L-qsN#¥dzT\GL-n7aofglzdzTvZfuc
}AdmcJL-n7aofglzdzT\dmL-N-«E_gcL-n7aofglzdzT\dmL-NHfuc
}
dmcJLCn/a
fulmd©TsdzLCN&_gJTvZ=|
LHfuc
}T\L-q\K N[T\qsao]T\aJqsL-N-«gfuc
}T\GoL#|oq\_/|
L-q[TsdzLCN?_g $fgco}_/|
L-qsfuT\dm_gcoN&_gc '&N[T\_gqsL-Nfuc
}
L-c=w7dmqs_gcJKMLc7ThN¨fgNVKfu|J|odzcJ7N $|ofuq\T\deful&ªaJco]T\dm_gcoN '§ < |o|Jq\_/|JqsdmfuT\LlmLKMKfgNVKjaoN[TyLdzT\GJL-qVikLb|oq\_ w/L-}
_/qHdzKM|k_gq\T\L-}ªqs_gK lmdmiJqsfgq\dmL-N-
 ± + + ³Åµ   ± ¶ ±    µ  ± ¤-  FHGoL^TvZ=|
L]hGoL-]hgL-qrGof/NN\_gKML¨¥Hf¬Z`_uT\LCNvTsdzco
`env Γ
£7dÁ LgTsGof T
TsGJL`Lc=w=dzqs_gcJKML-c/TPN[Z=c7Tsfu|oq\_ w=de}EL-};i=ZT\GoLbL-co}aoN\LqVª_gqyN\_gKMLjlefuikLldmc
Π
dmNV¥L-lzlª_/q\KML-}¢QVcJL
KbaoN[TH|oq\_ w/L¨TsGof T
`env Γ
dzKM|JlmdmL-NHTsGof T
Γ
deNHdzco}JLL-}f`|ofgq[Tsdmfgl¤ªaJco]§Tsdz_/c¢
S "+  ±/³ &J ³  ²  FHGJLTvZ7|kL]hGJLC]hgLqMf T\T\qsdzioaET\LCNjTvZ=|kL-N`Ts_w fgq\defuiJlmL-N-£riJaJTN\aJqs|JqsdmN\dzcoglmZ d©TcJL-wgLq
coLL-}oNTs_ fuT[T\qsdmiJaET\LTvZ=|kL-NT\_ w¬fglzaoL-N- FHGJLN\_gaoco}EcJLCN\N|Jqs_7_gT\GoLqsLª_gqsL coLL-}oNTs_ }EL ocJLT\GodmN
]_gco]L|ETC£=TvZ=|Jdm]-fulmlzZi7Z]fgN\L-N*V
nil : nil nil : list τ
cons(a0, a1) : listcons τ
a : listcons τ
a : list τ
S E ³  ±  ³  ² 5± 
Γ env r : Γ a : τ r[v := a] = r′ Γ[v := τ ] = Γ′
r′ : Γ′
w¬fgq[N\LT[ÅTvZ=|
L
S E  µ    µ o ± -&+ ±   J 
Π ./ p Π(l) = Γ
∃ι′. p(l) = ι′
|Jqs_g/q\LCN\N[ÁTvZ=|JdmcJg}E_/K`ÅKf Th]hG
|=prog p : Π Π(l) = Γ
∃ι′. p(l) = ι′
|Jqs_g/q\LCN\N[]hGJL-]h7|Jq\_/gqhfuK
Γ(v) = τ r : Γ
∃a. r(v) = a ∧ a : τ
|Jqs_g/q\LCN\N[ÅL-c=w
|=prog p : Π Π `instr Γ{ι}Γ
′ r : ΓNvTsL|E_gq\GofulzT
(p, r, ι)
|Jqs_g/q\LCN\N
Ì&Ì »W&XY[Z]\
    !+ R &#
	 * U#" 0
 ±   JrJ µ &)+ ± J- ³  µ   µ  ³ ( 5± C ² 5± 
τ1 u τ2 = τ3
τ2 u τ1 = τ3
lzaJiJ]_gKMK
τ1 u τ2 = τ3
τ1 ⊂ τ3
lmaJiEN\aJiETvZ=|
LÅlmLÇT τ1 u τ2 = τ3
τ2 ⊂ τ3
lmaJiEN[aoiETvZ=|
LÅqsdz/G7T
 &(   
 µ  
τ1 ⊂ τ2 a : τ1
a : τ2
N[aJi
N[aJKM|ETsdz_/c Γ1 ⊂ Γ2 r : Γ1
r : Γ2
N\aJioN\aJKM|ET\dm_gcJÅL-c7w
± +E
 µ  µ  CE Á¨ µ ¶ ² " ÁV ±  ¤ Ág µ   ± - µ  ± 
Γ(v) = τ r : Γ r(v) = a
a : τ
|JqsL-N\Lqsw f Tsdz_/cEÅL-c=w/lm_7_/=aJ|
 µ¢µ       ´j± + + ³  ² 5± ¶+ µ  
Π `blocks p p(l) = ι Π(l) = Γ
Π; Γ `block ι `env Γ
|JqsL-N\Lqsw f Tsdz_/cEÅiolz_E]h7ÁTvZ=|JdmcJ
|=prog p : Π p(l) = ι Π(l) = Γ
Π; Γ `block ι `env Γ
|JqsL-N\Lqsw¬fuT\dm_gcE|Jqs_g/qsfgKbÅTvZ=|JdmcJ
  ±  ± JE
 µ  
|=prog p : Π `env Γ r : Γ Π; Γ `block ι (r, ι)
p
7→ (r′, ι′)
∃Γ′. `env Γ
′ ∧ r′ : Γ′ ∧ Π; Γ′ `block ι
′
|oq\LCN[L-q\w f Tsdz_/c
|=prog p : Π initial(p, r0, ι0) (r0, ι0)
p
7→∗ (r, i)
∃Γ. `env Γ ∧ r : Γ ∧ Π; Γ `block ι
q\aJcJÅ¥#Llml©ÅTvZ=|
LC}
  &E ´   ´ JH µ   ±  ±=±   µ=´  
|=prog p : Π initial(p, r, ι) (r, ι)
p
7→∗ (r′, ι′)N[T\L-|EÅ_/q[Gofgl©T
(p, r′, ι′)
N[_/aJco}EcoL-NsN
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< cbLE|
L-q\dmLco]L-}b|Jqhfg]§Tsd©Tsdz_/cJLq_g$ªco_gcJKML-]hG
fucJdm¦LC} '¢_/|
L-qsfuT\dm_gcofglEN[L-KMfgc7T\de]NKf¬Zq\LCfgN\_gcofgiJlzZy¥#_gcE
}JLqC£I=^_ ¥~lm_gcJ}E_=L-NVd©TVTsfu/LTs_lmL-fuqsc;GJ_ ¥ Ts_aoN\LbfK`LC]hGofucodz¦-L-}KMLThf T\GoL_gqsZ/>#K $i
_gT\G T\GJLbLcE
]_E}Edzcob_g&Kfg]hGJdmcJLCNfuco}TvZ=|
LN\Z=N[T\L-KNfuco}AT\GJLKfucodz|JaolmfuT\dm_gc_u?TsGJLy|Jqs_7_gf/N\N\dmN[Tsfgc7T 'fuco}-Iv
Thfu/LVTsGJLyT\qs_gaoiJlzLPTs_`lmL-fgq\cKMLThf T\GoL_gqsZ
A
£oGJ_ ¥¯lm_gcJM¥dmlzl?d©TThfugLPTs_`lmL-fgq\cKMLThf T\GoL_gqsZ
B
>#K
 L}Jdm}¯cJ_uT|
L-q[ª_/q\K f ]_gc7Tsq\_/lzlmL-} LE|
L-q\dmKMLc7T- FHGJL  oqsN[T;fuaETsGJ_gq $ < |o|
L-l 'Gof/N ZgLCfuqhN
LE|
L-q\dmLco]L¨¥dzT\GcJ_gc7Thfg]§Tsdm]-fulk|Jqs_7_gN#dzcGJdz/GJLq\_gqh}ELqlz_/gde]^qsL|JqsL-N\Lc7T\LC}dmcAT\GoLyF&¥#Llz&N[ZEN[T\L-K 8z : «
TsGJdeN5N[TvZ7lmL_u¤|Jqs_=_u¤dmN5Lc7T\dmq\L-lzZbaJcJlmdz/LHT\GJLVF?¥#Llz -  &"0 }JdmNs]aoNsN\L-}`GJLqsLg£7fuco}bTsGJL^cJ_/c/Thfg]T\de]ful
N[TvZ=lzLdeN¨n7aJdzT\LbaJcJlmdz/LyT\GJL`NvTvZ=lmL_u3|Jqs_=_u3aoN\L-}dmc­O_=nkFHGJLjN\L-]_gco}fgaET\GJ_/q $Á¡¢Lqs_ Z"'#GofgN¨ZgLCfuqhN
LE|
L-q\dmLco]L|Jqs_ w=dzcJMTsGJL_/q\L-KNdzc®O_=nkPO_/coN\L-n7aJLc7TslzZ/£ocJL-d©TsGJLqPfuaETsGJ_gqV¥#f/N^fuiJlmLTs_}EL ocJdzT\dmwgLlmZ
fgcoN\¥L-qTsGJLy oqhNvT^n7aJLCNvTsdz_/c¢£EiJaET < |J|
L-l&]_gaJle}fuT[TsLKM|ET¨fuc;fgcoN[¥#Lq#Ts_bTsGJLN\L-]_/co}
  ´j± +   ± CE  ±=µ  ²  c®¥q\dzT\dmcJF?¥#LlzKMLThf TsGJL_/q\Z/£¢_gcJLb oqhNvTKbaoNvTlmL-fgq\c­lz_/gde]j|Jqs_g/qsfgK`
KMdmcJo«fgc7Z LE|kLqsdzL-co]L­aoN\dzcJ prq\_/lz_/ ¥#_gaJle} i
LGJL-lz|EªaolÁ£ViJaETdmc fgc=Z ]-fgN\L fuc |oq\_/gqhfuKMKMdzcJg
lefucogaofggLbT\GJL-_gqsLT\de]defucN[Go_gaJle}i
LAfgiJlzL`Ts_N[_/lzw/LjThfgN\=NMfgco} 1 $q\L-|JqsL-N\Lc7TVTsGJLA_/|
L-qsfuT\dm_gcofglN\L
Kfgc/Tsdm]-N£=qsL|JqsL-N\Lc7T#T\GJLPTvZ=|kLyN\ZENvTsLK '#fuco}ATsf/N[ENjfgco} $ IvL=LC]aETsLK¨TsGJL_g|kLqhf Tsdz_/coful¤N\LKfuc7T\de]N
fgco}®TsGJLATvZ=|kLN\Z=N[T\L-K 'dmc fuik_gaETMf¥#LL-k < |J|kLlN[Tsfuq\T\LC}ªq\_/K T\GJdeNj|k_gdmc7T-FHGJLcJL=T`N[T\L| dmN
Ts_lmL-fuqsc®GJ_ ¥ T\_a
N[LTsLqsKMdzcofuT\dm_gc fuc
}T\_uThfulmd©TvZdmc®T\GJLK`LTsfuT\GJL-_gqsZg£GJ_ ¥ Ts_aoN\LAlm_ggde]fgl3T\qsde]h=N
lmdmgL]_/c/Tsqsf/}Ede]§T\dm_gc?£Jfuco}N\__gc¢5FHGodmNHTs_=_gfgi
_/aET 1 ¥L-LEN#T\_lmL-fgq\c?«=T\GJL_/cElzdmcJL}E_E]aJKML-c/Thf Tsdz_/c
deNiofgq\L-lzZfg}ELCn7aof TsLAfuco} fuTT\dmK`LCNªqsaoN[T\qhf T\dmcJ
£&iJaJTbf Tjco_T\dmK`L¥#f/Nd©TbcJL-]L-NsN\fgq\Z;Ts_ ]_/coN\aJl©Tjf
KMLTsf TsGJL_/q\ZLE|
L-q[TCFHGJL-q\Lª_gqsL¥#LHL-N[T\dmKf T\Lfgi
_/aET#KM_/c/TsGjTs_lzLCfuqscjL-cJ_gaJ/G`F&¥#LlzoT\_]_gKM|JlmLT\L
fglzl¤TsGJLyTsf/N[ENH_g?T\GodmNikLc
]hGJKfuqsk
Obµ  < |o|
L-lN[Tsfgq[TsL-}ªqs_gK ¦Lqs__gc­O_Enk«¤¡¢Lqs_ Z|oq\_ w=de}EL-}T\GoL`O_EnN\_glmaET\dm_gcTs_T\GodmNVi
L-co]hGE
Kfgq\¤ {¨f T\GoLqT\Gofgc q\L-|
LCf TsdzcJ ¡¢L-q\_ Z  N¥_/q\ $Çª_/q¥Godm]hG TsGJL®N[_/lzaETsdz_/c ¥#f/NATs_=_ T\L-KM|ET\dmcJglmZ
f¬w fgdzlefuiJlmL('£ < |o|
L-l}EL ocJLC} $ªdmcO_En 'HT\GJLjN[T\qsao]T\aJqsL-}_g|kLqhf Tsdz_/coful&N[L-KMfgc7T\de]N_g3fAwg_gc  LaJKfucoc
I[lmdmN[TKMf/]hGJdmcJLKM¥d©TsG®fKMLKM_/q\Z fgco}fGoL-fu|Jfglzlm_E]f Tsdz_/c |k_gdmc7T\LqC£¢¥qs_uTsLMf|Jqs_g/qsfgK $ªdmcT\GJLML=
LC]aEThfuiJlmLj|
fuq\T¨_u#O_En'HTs_fgNsN\LKjiolzLTsGJL`lzdeNvT\ÅKf/]hGJdzcoL!I[f/N\N\LKbiJlmZKlefucJ/aofu/L_u3T\GodmNPikLco]hGJKfgq\
Ts_T\GJL I[Kfg]hGJdmcJLK`lmfgcJgaofggL/£¤fgco}|Jqs_ wgL-};T\GJLA]_gqsq\LC]§T\coL-NsN¨_gTsGJL`T\qhfucoN\lmfuT\dm_gc¢MFHGJL`T\LC]hGJcJden7aJL-N
qsL-n7aJdmqsL-}fgq\LwgLqsZyN[dmKMdzlefuq&T\_VT\GJ_7N[L#cJL-L-}ELC}ª_gq&T\GoL5TvZ=|kLN[_/aJco}EcJLCN\N&|Jqs_=_uv?TT\_=_/fuik_gaET 1 ¥#LL-=N
Ts_lmL-fuqscMLcJ_/aJgGO_EnjT\_j}E_yTsGJLVf/N\N\LKbiJlmLq\]_gqsq\LC]§T\coL-NsN?|Jqs_=_u $ªKML-fgcJdmcJT\G
f T-£=f ÇTsLq 1 ¥L-LEN£gT\GJL
|oq\_=_u¥HfgN\c  TH ocodmN\GJL-}ioaET^T\GoLdmNsN\aJL-N^]hG
fucJ/L-}ªq\_/K T\Go_/N\L_u3lzLCfuqscJdmcJO_=nAT\_MTsGJ_/N\L_u oco}JdzcJ
TsGJL¨qsdmgG7Tdmco}Eao]T\dm_gcAG=Z=|k_uT\GoL-N\L-N '§FHGJLV_/cElzdmcJL¨}E_E]aJKMLc7TsfuT\dm_gc $Áfuco}MTsGJLyO_En# < q\Tik_7_/ 8  : 'fuqsL
i
fuqsLlmZf/}EL-n7aofuT\Lfgco} fuTbTsdzKMLCNjªqsaoN[T\qhf TsdzcJ
£iJaET_gcJlmZT\GJqsLLN\GJ_gq\T$[- KMdzc=aETsL('j]_gc
N[aJlzTsfuT\dm_gcoN
¥dzT\GTsGJLLE|kLq\TsNH¥#LqsLPcoL-]LCN\NsfuqsZM_ wgL-qTsGJL 1 ¥#LL|kLqsdm_=}¢
L#_uTsG¯F&¥L-l©fuc
}¯O_=n Gof¬w/L;KM_gqsL N[_/|JGJdeNvTsdm]-f TsL-} ªL-fuT\aJqsL-N¥GJdm]hG < |J|kLly}Ede} cJ_uTf T[TsLKM|ET
Ts_ lmL-fgq\c dmc TsGJL­T\qsdmfglV|kLqsdz_E} V F&¥#LlzjGofgNN\_g|JGJdeN[T\de]f TsL-} TsL-]hGJcodmn7aJLCNAª_/qGofgco}Elmdzco iJdmco}EL-qsNdmc
Godz/GJLq\Å_/qs}JLq^fui
NvTsqsf/]§TVN\Z=c/Thf £¤fuco}­O_EnN\aJ|J|k_gq\TsN^|oq\_/gqhfuKMKMdzcJ¥dzT\G}EL|kLc
}ELc7TPTvZ7|kL-N-VFHGodmN
ikLc
]hGJKfuqs¥#f/N&}EL-lzdmikLqhf T\L-lzZ]hGo_/N\LcTs_yLELqh]deN[L_gcJlmZyT\GoLªLCf TsaJq\LCNK`_7NvT3_godzc7TsLqsL-N[T&Ts_y]_gKM|JdmlzL-q[
¥qsdzT\LqhN-
Obµ &-+   µ   QVco]L^Zg_/a`lmL-fgq\cM_/cJL¨N\Z=N[T\L-K£/Z/_ga]fgcK`_ w/LH_gcMT\_T\GJLVcJL=T $LwgL-cd©dzT Nn7aJdzT\L
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 L`Gof¬wgLbdzKM|JlmLKMLc7TsL-} T\GJ_7N[LbTsf/N[EN¨T\GofuTyfgq\LbdzKM|JlmLKMLc7ThfuiJlmLMdzc­i
_gT\G­T\GJLMF?¥#Llz $K`LTsfuT\GJL-_gqsZ'
fgco}O_=njN[ZEN[T\LKN-&FHGJLHc=aJKbi
L-q3_u¤lzdmcJL-N_gk]_=}JL#qsL-n7aJdmqsL-}deN3N\aJKMKMfgq\dm¦LC}jdmcbT\GJLHª_/lzlm_ ¥dzco¨ThfuiJlmLg
FfgN\ F&¥#Llz O_En
/ QV|kLqhf T\dm_gc
ful¢U=LKfgc/Tsdm]-N Cu    lzdmcJLCN
J , Lqsdzw/L
p ⇓
  
1 %FZ7|kLN\Z=N[T\L-K
|=prog p : Π
C M  1 


u
fulmg_gqsdzT\GJK  
J , Lqsdzw/L
|=prog psample : Πsample
 co_
o U7Thf T\L|oq\_/|
L-q[TsdzLCN_g
u
C  1
ME prqs_ wgLP|Jqs_g|kLq\T\dmL-NH_u
u
g J
   U7Thf T\LN\_gaoco}EcJLCN\N#TsGJL_/q\L-K u ¬
o prqs_ wgLyN[_/aJco}EcoL-NsNH_u
|=prog p : Pi
ggg 1 ¬
-o E ?A]dmLc7T¨fglz/_gqsd©TsGJK g  1 
g/ , Lqsdzw/L
`prog psample : Πsample
 
CJ prqs_ wgLVT\L-q\KMdmcof Tsdz_/c_g
`prog p : Π
   
 1  UE]-fulefuiJlmLPTvZ7|kL]hGJLC]hgLq Z/L-N ZgLCN

 prqs_ wgLyN[_/aJco}EcoL-NsNH_u
`prog p : Pi
1 M 

CJ xPLcoLqhf T\L¡ D F E G cJ_ co_
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fuqhN[dmcJ fuc
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|k_/NsN[dmiJlmLrT\_PqsL-fgN\_gca
N[dmcJVfVKMd©_g
N[L-Kfuc7T\de]5fgco}jN\Z=c/Thfg]T\de]
qsL-f/N[_/cJdmcJo < aETsGJ_gqhN5¥Go_jikLlmdzL-wgL^TsGJLZAfgq\L¨¥q\dzT\dmcJjdmcfj|JaJqsLlmZ  qsdz/G7T[HJLlmlmLdeN[L-cANvTvZ=lmLVfuqsL¨_gÇT\L-c
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Kf¬Zi
LT\GJL]f/N[LTsGof TMN[|kL-]d© k]f Tsdz_/coNLE|Jq\LCN\N\L-}®dmc O_EnfuqsL]lm_/N\LqTs_ ¥GofuTb_/cJLA¥#_gaJle}®¥q\dzT\L
dmc­fqsL-N\L-fuqh]hG;|ofg|
L-q-`O_En|Jqs_=_uNy]fgc ikL`N\aJioN[Tsfgc/TsdmfglzlmZN\GJ_gq\T\L-q¨TsGofucF?¥#Llz5|Jqs_=_uN-£L-N\|
LC]defulmlzZ
¥GoLcLE|kLqsdzL-co]LC}L=|kLq\TsN¨fuqsLPKfgcJdz|oaJlmfuT\dmcJMT\GoLlmfgcJgaofggLP_uTsf/]§T\de]N-5FHGJL-q\Lª_gqsLjO_=nAKMf¬Zi
L
flefucogaofggLM_u^]hGJ_/dm]LMª_gqTsGJ_/N\L¥GJ_ }J_cJ_uTb¥#fgc/TTs_ ]_/KMK`dzTjdmc fg}Ew fgco]LMTs_ f|JaJqsLlmZ­|oq\_=_uÇ
TsGJL_/q\LT\de]yNvTvZ=lmLg
=¨_ ¥L-wgLqC£¬_gaJqikLco]hGoKMfgq\}J_7LCNcJ_uT3LEL-qs]dmN\L5_/cJLH_uJTsGJLHKMfgdzcMN[T\qsLcJgT\GoN_uoT\GJLF&¥L-l©¤N[ZEN[T\LK£
TsGJLyGJdmgGJL-q[_gqh}ELqHfui
NvTsqsf/]§TN[Z=c7Tsfufuco}q\L-lmfuT\LC}A|Jqs_=_u&KMLC]hGofucJdeN\KMN- HJ_/qHN\Z=c7Tsfg]T\de]VT\GJL-_gqsdzLCN5TsGof T
a
N[LyiJdmco}EL-qsNfgco}
αβη
]_gc=w/LqhN[dm_gc¢£7TsGJL]_/K`|
fuqsdmN\_gcAKMdmgG7T¨]_/KMLP_/aET^}EdkL-q\L-c/TslzZ/
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c_/qs}EL-qHT\_ikLT\T\LqP]_/K`|
fuqsLP}Ed¤LqsLc7TVN\_glmaET\dm_gcoN#Ts_MT\GJLji
L-co]hGJKfuqs¤£JN[_/lzaETsdz_/coN^N\GJ_gaolm}aoN\L]_/Kb
KM_/c cJ_gTsfuT\dm_gc ¥GoLqsL|k_/NsN[dmiJlmLg FHGJdeN`TsfuiolzL;N\GJ_ ¥^NbT\GJLqsL-]_/KMK`L-co}ELC} ¨q\L-|Jq\LCN[L-c7Tsf Tsdz_/coN-
FHGoLPaoco}ELqhNs]_gqsL  _gqHG=Z=|JGJLc  Kf¬ZAikLaoN\L-}T\_N[L-|ofuqhf TsLV¥#_gqh}JN-£E}EL|kLco}JdzcJ_/c¥G
f THT\GJLR R|kLqsKMd©ThN
cAN\_gKML^]f/N[LCN¥L^N\GJ_ ¥ Tv¥_	 
qsL|JqsL-N\Lc7TsfuT\dm_gcoN-¢cKM_/N[T5]f/N[LCNT\GJdeNrdeN3ikL-]-fuaoN\L_gaJqF?¥#Llz
N\_glmaETsdz_/c aoN\L-NyfN[Z=c7Tsf/]§T\de]bq\L-lmfuT\dm_gcofgl&N[TvZ7lmL`dzc®f]-fgN\Lb¥GoLqsLjTsGJLO_EnN\_glmaETsdz_/caoN\L-NyfN[L-KMfgc7T\de]
ªaoco]§Tsdz_/coful¢N[TvZ=lzL/£ofuco}cJ_Mde}ELc7T\de]fgl?]_/KMK`_/cco_uTsfuT\dm_gcdmNH|k_/NsN\dziJlmLg
 _uTsfuT\dm_gc  ?q\L-|JqsL-N\Lc7TsfuT\dm_gc |ofggL
A
w fulmaJL 
nil
w fulmaJLÅcJdml 
cons(a1, a2)
w fulmaJL]_gcoNHfJf7 
V
w fuq 
vn
w fuq
 c " T~c 
R
N[T\_/q\L 
r[v 7→ a]
NvTs_gqsLiJdmco}Awfbq " q
w A  f 
{ }
LKM|ETvZ7NvTs_gqsL 
r(v) = a
w fuq\Ålm_=_g=aJ|qwf " q
w U=_/K`Lf 
r[v := a] = r′
w fuq\N[LT#qwfbq
′
" q
jw A  f~q ′ 
L
lefuikLl 
Ln
lefuikLl
 c "  ¡c 
I
dmcoN[T\q 
jump l
dmcoNvTsq[mtvaJKM|l 
branch

if

nil v l
dzcoN[T\q\iJqsfgco]hGEd©ÇcJdml¤wAl 
fetch

field v i v′
dmcoN[T\q\ÁªLTs]hGEÅ oLle}wAd¢w
′

cons v0 v1
dmcoN[T\q\]_gcoN#wE`wk 
halt
dmcoNvTsq[Gofgl©T 
ι0 ; ι1
de£ dmcoN[T\qdÅ 
P
iJlm_E]hALKM|JG
fuco}   _gqH|Jqs_g/qsfgK 
end
|Jqs_ggÅL-co} 
l : ι; p
}ELÇÅlefuikLll¢d5£ iJlm_E]hA| 
" |Jqs_guiJlm_E]h`l?d¢|
p(l) = ι
|Jqs_ggqhfuK`lz_=_/7ao||l?d 
" |Jqs_ggqhfuK`lz_=_/7ao|A|l U=_/KMLPd
(r, ι)
p
7→ (r′, ι′)
N[T\L-||qd¢q
′
d
′i
M
(p, r, ι) ⇓
q\aoc|qd M
p ⇓
qsaJcE|Jq\_/j| M
N[T\L-|EÅ_/q[Gofgl©T
(p, r, ι)
N[T\L|JÅ_/q[GofulzTH|q^d C
Ì&Ì »W&XY[Z]\
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 _uTsfuT\dm_gc  ?q\L-|JqsL-N\Lc7TsfuT\dm_gc |ofu/L
T
TvZ  
nil
TvZ7cJdzl  
list τ
TvZ7ÅlmdeNvTHT  
listcons τ
TvZ7ÅlmdmN[Ts]_gcoN#T  
E
L-c7w  
{ }
Lc=w7LKM|ETvZ  
v : τ, Γ
w fuq\ÅG
fgN[ÁTvZ=|kLVwT^ "  
jw A  T  
Γ(v) = τ
 
jw  U=_gKMLyT  
Γ
.
= (v : τ, Γ′)
L-c7w7lz_=_/7ao|wT^
′
 1
Γ[v := τ ] = Γ′
L-c7w7N[LT`wT
′
"  
jw A  T ~ ′  
`env Γ
L-c7w7_g 
τ ⊂ τ ′
N\aJiETvZ=|kLyTT
′
 
τ1 u τ2 = τ3
lmaJiT-yT§T 1 "  lmaJiT-PTh  T 1 
PT
|Jqs_g/qsfgKbÅTvZ=|JdmcJ 
Π0
|Jqs_g/qsfgK`ÁTvZ=|JdmcJuLKM|ETvZ 
l : Γ, Π
iJlm_E]h/Gof/NvÅTvZ=|
LPl¢M|Jd " |Jd 
jl A   
Π; Γ `block ι
]hGJLC]h7ÅiJlm_E]h|Jd¢Md C
Π `blocks Γ
]hGJLC]h7ÅiJlm_E]hEN|od C
Π ./ p
TvZ=|Jdzcou}E_gK`KMfuTs]hG|Jd¢| C
Γ0
L-c7wE C
|=prog p : Π
]hGJLC]h/|Jqs_g/qsfgK ||Jd C
`prog p : Π
fgN[T[]hGJLC]h/|Jqs_g/qsfgK ||Jd /
" TvZ7|kL-]hGoL-]h7Å|oq\_/gqhfuK ||od  Tsq\aJL
p

sample
N\fgKM|JlzLÅ|oq\_/ /
Π

sample
N\fgKM|JlzLÁTvZ /
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